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Abstract

General Simplex [DdM06] is a variation of the well known Simplex algo-
rithm [Dan63] used as a theory solver within the DPLL(T) framework for
solving satis�ability modulo theories (SMT) formulas. The algorithm decides
the satis�ability of a conjunction of constraints from the theory of linear real
arithmetic by �rst constructing a tableau and then executing pivot steps on it
until it detects either a con�ict or a satisfying assignment. If multiple pivot
steps are possible, a heuristic is used to decide which pivot operation should be
performed. This thesis examines the behavior of these Simplex heuristics when
implemented in the SMT solver SMT-RAT [CKJ+15], developed at the Theory
of Hybrid Systems Group at RWTH Aachen University. We focus on four of
these heuristics: Bland's rule, the di�erence-based heuristic, the con�ict-based
heuristic and sum of infeasibilities. We give a proof of termination for Bland's
rule, implement the four heuristics as well as a modular framework to simplify
exchanging one heuristic for another and perform extensive testing to �nd the
cause for the surprising similarity of the four heuristics performance-wise. The
results suggest that the test setup leaves little room for optimization in terms
of Simplex heuristics.
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Chapter 1

Introduction

Satis�ability modulo theories (SMT) is a generalization of the Boolean satis�abil-
ity problem (SAT) from propositional to �rst-order logic. Instead of deciding the
satis�ability of Boolean formulas, SMT solvers decide the satis�ability of Boolean
combinations of constraints from some �rst-order theory. SMT solvers play an impor-
tant role in the industry, with practical applications including software and hardware
veri�cation, test case generation, planning and optimization [MB11, KS16, NOT06].

In order to decide the satis�ability of formulas from the �rst-order theory of linear
real arithmetic, many SMT solvers utilize general Simplex [DdM06], an adaptation
of the famous Simplex algorithm [Dan63]. General Simplex takes a set of linear
constraints, i.e. linear equalities, weak inequalities or strict inequalities, as input and
decides whether the conjunction over these linear constraints is satis�able. To do
this, it constructs a tableau and an assignment and then performs a series of pivot
operations until the assignment satis�es all input constraints or a con�ict is detected
in the tableau. At the start of each pivot operation, general Simplex has to decide
which changes are going to be applied to the tableau and the assignment. Since there is
usually no clear indication which decision is the best in terms of performance, general
Simplex uses a heuristic to try and maximize performance as much as possible. In this
thesis, we take a closer look at four of these heuristics (Bland's rule, the con�ict-based
heuristic, the di�erence-based heuristic and sum of infeasibilities) and examine their
in�uence on the overall performance when implemented in the SMT solver SMT-RAT
[CKJ+15]. The following contributions are made in this thesis:

� a proof of termination for Bland's rule is presented;

� the four heuristics are implemented in the LRAModule of SMT-RAT together
with a modular framework that enables easy switching of the used heuristics
during runtime and simpli�es changes to existing heuristics and the addition of
new ones;

� extensive testing is performed to �nd the cause of the surprising similarity of
the implemented heuristics in terms of performance.

In Section 2 we lay the groundwork for the rest of the thesis. We introduce SAT
and its generalization SMT as well as DPLL and DPLL(T), two popular algorithms
for solving SAT and SMT, respectively. We then introduce the �rst-order theory
of linear real arithmetic, followed by an introduction of general Simplex as a theory
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solver for this theory in the DPLL(T) framework. Finally, we give a brief introduction
of the SMT solver SMT-RAT. In Section 3, we explain the four heuristics which are
the focus of this thesis as well as the ideas behind them. Section 4 focuses on the
implementation of the heuristics and the modular framework in the LRAModule of
SMT-RAT and Section 5 presents the surprising results of the initial benchmarks and
then focuses on the di�erent tests performed in search for an explanation and the
insights gained from them. Section 6 concludes the thesis by giving a quick summary,
discussing the results of Section 5 and highlighting possibilities for future work.



Chapter 2

Preliminaries

2.1 SAT and SMT

2.1.1 SAT

This section is intended as a quick recap of Boolean logic and the de�nition of the
SAT problem. For the rest of this section, τ denotes a given set of Boolean variables.
We start with the de�nition of Boolean formulas:

De�nition 2.1.1. The set of Boolean formulas is inductively de�ned as follows:

� Each Boolean variable is a formula.

� The constants 0 and 1 are Boolean formulas (0 means false and 1 means
true).

� If φ an ψ are Boolean formulas, then ¬φ and φ ∧ ψ are Boolean formulas.

� Only constructs formed by the above rules are Boolean formulas.

Additionally, we de�ne as usual syntactic sugar φ∨ψ := ¬(¬φ∧¬ψ), φ→ ψ := ¬φ∨ψ
etc.

For a set of Boolean formulas Φ we denote the conjunction of all its elements by∧
Φ (e.g. for Φ = {A∨¬B,A→ C} we have

∧
Φ = (A∨¬B)∧ (A→ C)). For Φ = ∅,

we set
∧
Φ = 1. A literal is either a Boolean variable or its negation. For a literal l, l̄

denotes the complement of l. If l = B for a Boolean variable B ∈ τ then l̄ = ¬B and
if l = ¬B then l̄ = B. A clause is a disjunction of literals. A formula is in conjunctive
normal form (CNF) if it is a conjunction of clauses.

For a Boolean formula φ, we denote the set of Boolean variables contained in φ
as τ(φ). An assignment of a Boolean formula φ is a mapping α : D 7→ {0,1} where
D ⊆ τ(φ). An assignment α is called full if D = τ(φ) and partial otherwise. A
variable B ∈ τ(φ) is assigned by an assignment α of φ if B ∈ D and unassigned
otherwise. An assignment α′ : D′ 7→ {0,1} of φ is called an expansion of another
assignment α : D 7→ {0,1} of φ if D ⊆ D′. We de�ne a notation for expansions where
D′ = D∪̇{B} for a variable B ∈ τ(φ)\D:
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De�nition 2.1.2. Let φ be a Boolean formula, α : D → {0,1} be a partial assignment
of φ, B ∈ τ(φ)\D and b ∈ {0,1}. We de�ne α[B 7→ b] as follows:

α[B 7→ b] : D ∪ {B} → {0,1}

with α[B 7→ b](B′) = α(B′) for B′ ∈ D and α[B 7→ b](B) = b.

Semantically, each full assignment evaluates a formula by substituting each Boolean
variable for its mapped value and deciding whether the resulting Boolean term is
equivalent to 0 or 1 using the usual interpretation of ¬ and ∧. We say that a full
assignment α of a formula φ satis�es φ (denoted as α |= φ) if and only if the resulting
term is equivalent to 1. Otherwise, we say that α doesn't satisfy φ (denoted as α ⊭ φ).
A Boolean formula φ is called satis�able if there exists a full assignment α that sat-
is�es φ and unsatis�able otherwise. The Boolean satis�ability problem (SAT) is the
problem of deciding whether a given Boolean formula φ is satis�able or unsatis�able.

2.1.2 First-order theories and SMT

Formally, SMT is the problem of deciding whether a given formula in the existential
fragment of �rst-order logic is satis�able in the context of a given theory. Since
detailed knowledge about �rst-order logic is not necessary for the topic of this thesis,
a simpler, less formal de�nition is given in this section. For a formal de�nition, we
refer the reader to [KS16].

Given a �rst-order theory T, a T-formula is a Boolean formula where the Boolean
variables are replaced by T-atoms. The syntax of T -atoms depends on the theory
T . For example, x+ y < 5 is a T -atom for the theory of linear real arithmetic while
a[i] = 5 is a T -atom for the theory of arrays. Similar to Boolean formulas, T -formulas
are evaluated by assignments. An assignment of a T -formula evaluates each T -atom
of that formula to either true (1) or false (0). The truth value of the T -formula is then
determined the same way as with Boolean formulas, by substituting each T -atom by
its truth value and then using the usual interpretation of ¬ and ∧. If a T -formula
φ is evaluated to 1 by an assignment α, we say that α satis�es φ (written α |= φ).
Otherwise, we say that α doesn't satisfy φ (α ⊭ φ). A T -formula φ is called satis�able
if there exists an assignment α that satis�es φ and unsatis�able otherwise.

Analog to the complement of a literal for Boolean logic, we also de�ne the com-
plement l̄ of a (possibly negated) T -atom l for a �rst-order theory T . If l = a for a
T -atom a then l̄ = ¬a and if l = ¬a for a T -atom a then l̄ = a.

Example 2.1.1. Let T be the theory of linear real arithmetic (see Section 2.3). An
example of a T -formula is φ = x+ y < 5 ∧ x > 3 ∧ (x < y ∨ x > 10). An assignment
of φ corresponds to mapping x and y to real values and then evaluating the T -atoms
using the usual interpretation of +, < and >. Consider for example an assignment
α that maps x to 12 and y to −10. The function φ is evaluated as follows:

1. T -atoms:

� x+ y < 5 evaluates to 1 since 12− 10 = 2 < 5

� x > 3 evaluates to 1 since 12 > 3

� x < y evaluates to 0 since 12 ≮ −10
� x > 10 evaluates to 1 since 12 > 10
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2. Substituting T -atoms by truth values and evaluating the formula:

1 ∧ 1 ∧ (0 ∨ 1) ≡ 1 ∧ 1 ∧ 1 ≡ 1

Therefore, α satis�es φ. Since we have found an assignment that satis�es φ, we
conclude that φ is satis�able.

Example 2.1.2. Let T be the theory of arrays. An example of a T -formula is
φ = a[i] < b[j] ∧ i = j ∧ a = b where a and b are array variables and i and j
are index variables. An assignment of φ corresponds to assigning arrays to a and b
and index values to i and j (and then using the usual interpretation of [], = and <
for evaluation). For an assignment α which maps i to 2, j to 2, a to an array of
length at least 3 with a[2] = 3.5 and b to an array of length at least 3 with b[2] = 4, φ
would be evaluated as follows:

1. T -atoms:

� a[i] < b[j] evaluates to 1 (a[i] = a[2] = 3.5 < 4 = b[2] = b[j])

� i = j evaluates to 1

� a = b evaluates to 0 since a[2] ̸= b[2] and therefore a and b cannot be equal
(two arrays are equal if they have the same length and contain the same
value for each index)

2. Substituting T -atoms by truth values and evaluating the formula:

1 ∧ 1 ∧ 0 ≡ 0

Therefore, α doesn't satisfy φ. Furthermore, we can argue that φ is unsatis�able,
since a[i] < b[j] ∧ i = j implies that a and b di�er at least at one index. Therefore,
an assignment that satis�es a[i] < b[j] ∧ i = j cannot satisfy a = b.

The Satis�ability Modulo Theories (SMT) problem is the problem of deciding for
a given �rst-order theory T and a given T -formula φ whether φ is satis�able or
unsatis�able.

2.2 DPLL and DPLL(T)

The contents of this section are heavily inspired by course materials from the research
group Theory of Hybrid Systems at RWTH Aachen University which in turn draw
inspiration from [KS16]. Inspiration was also drawn from [Nal20].

2.2.1 DPLL

The Davis-Putnam-Loveland-Logemann procedure (DPLL) [DLL62] is an algorithm
for solving the SAT problem that forms the backbone of many modern SAT solvers.
Although DPLL assumes the input formula to be in CNF, it can be easily extended
to work on any Boolean formula, since there exists an algorithm for transforming an
arbitrary Boolean formula into a satis�ability-equivalent formula in CNF in linear
time [Tse83].

DPLL solves a formula φ in CNF by maintaining an assignment α of φ. Fig-
ure 2.1 shows a recursive version of DPLL. In each step (corresponding to a call to
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1: function DPLL(φ)
2: α← empty assignment (no variables assigned)
3: return DPLL_SEARCH(φ, α)
4: end function

1: function DPLL_SEARCH(φ, α)
2: repeat

3: if α evaluates a clause in φ to 0 then
4: return UNSAT
5: end if

6: if α evaluates all clauses in φ to 1 then
7: return SAT
8: end if

9: until DERIVE(φ, α) = false
10: select an unassigned variable V
11: α0 ← α[V 7→ 0]
12: if DPLL_SEARCH(φ, α0) = SAT then

13: return SAT
14: end if

15: α1 ← α[V 7→ 1]
16: return DPLL_SEARCH(φ1, α1)
17: end function

Figure 2.1: Pseudocode of a recursive version of DPLL. DPLL(φ) returns SAT if φ
is satis�able and UNSAT otherwise. DPLL_SEARCH(φ, α) returns SAT if there exists
an expansion of α that satis�es φ and UNSAT otherwise. DERIVE(φ, α) returns true
if additional assignments can be derived from α and false otherwise. If additional
assignments can be derived, DERIVE derives one such assignment and expands α
accordingly.

DPLL_SEARCH in the algorithm) DPLL �rst tries to derive mappings of unassigned
variables from the already assigned variables based on the current assignment α (e.g.
if φ = (A∨¬B)∧ (A∨C) and α : A 7→ 0, DPLL deduces that B must be mapped to
0 for φ to be satis�ed and expands α accordingly). If no more new mappings can be
derived, the algorithm selects an unassigned variable B and then checks recursively
whether there exists an expansion of α[B 7→ 0] or α[B 7→ 1] that satis�es φ. This
process is called a decision (since the assignment of B cannot be derived and the algo-
rithm therefore must decide which value is assigned to B). There exists an expansion
of α that satis�es φ if and only if there exists an expansion of α[B 7→ 0] or α[B 7→ 1]
that satis�es φ.

2.2.2 CDCL

Con�ict-driven clause learning (CDCL) [MSS96] is a popular extension of DPLL
which is often used in modern SAT solving [KS16]. CDCL solvers additionally
maintain an implication graph during the solving process. Each time a con�ict is
encountered, i.e. the current assignment evaluates a clause to 0, the implication
graph is used to determine a set of decided or derived assignments (see Section 2.2.1)
that together imply the con�ict. The solver then adds a clause to the input formula
which prevents that particular combination of assignments from occurring again. A
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detailed description is omitted here, since it is not necessary for understanding the
contributions in this thesis.

2.2.3 DPLL(T)

The DPLL(T) framework was �rst introduced in [GHN+04] and is implemented in
most modern SMT solvers due to its performance advantages. DPLL(T) has two main
components: A SAT solver using the DPLL algorithm with the CDCL extension and
a theory solver. The SAT solver decides the satis�ability of a T -formula φ by solving
a Boolean abstraction of φ and calling the theory solver during the solving process to
check whether the current assignment is compliant with the underlying theory T .

A Boolean abstraction of a T -formula φ is constructed by replacing each T -atom
a in φ with a new Boolean variable Ba. Note that while multiple occurrences of the
same T -atom in φ are replaced by the same variable, two T -atoms that are logically
equivalent but don't have the same syntax are typically replaced by two di�erent
variables.

Example 2.2.1. Let T be the �rst-order theory of linear real arithmetic and φ = y >
x ∧ (x ≥ y + 1 ∨ ¬(y > x) ∨ x > 0) ∧ x ≥ 1 + y. The Boolean abstraction of φ is
constructed by replacing the T -atoms of φ as follows:

� y > x is replaced by By>x

� x ≥ y + 1 is replaced by Bx≥y+1

� x > 0 is replaced by Bx>0

� x ≥ 1+y is replaced by Bx≥1+y (note that Bx≥y+1 and Bx≥1+y are two di�erent
Boolean variables since x ≥ y+1 and x ≥ 1+y are logically equivalent but di�er
syntactically)

The Boolean abstraction of φ is therefore By>x∧ (Bx≥y+1∨¬By>x∨Bx>0)∧Bx≥1+y.

When given an input formula φ to solve, DPLL(T) �rst constructs the Boolean
abstraction φB of φ. After the Boolean abstraction is constructed, the SAT solver
starts solving it. If the SAT solver returns UNSAT then DPLL(T) terminates with
UNSAT as well. At certain stages during the solving process, which are determined
by the chosen approach, the theory solver is called for the current assignment αB to
check the conjunction of all (potentially negated) T -atoms in the set

IαB
:= {a | a is a T -atom in φ and α(Ba) = 1}
∪ {¬a | a is a T -atom in φ and α(Ba) = 0}

for satis�ability. If
∧
IαB

is satis�able then the theory solver returns a satisfying
assignment α for

∧
IαB

. If αB was a full assignment of φB this causes DPLL(T) to
terminate with α as a satisfying assignment for φ, otherwise the SAT solver continues
with the solving process. If

∧
IαB

is unsatis�able then the theory solver returns an
explanation clause E, a disjunction

E :=
∨
i∈I′

i
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with I ′ ⊆ IαB
such that

∧
I ′ is unsatis�able. The SAT solver then adds the Boolean

abstraction of E to φ as a new clause and undoes its assignments (starting with the
last variable assigned) as long as the new clause remains violated. Subsequently, the
SAT solver applies the CDCL method to resolve the con�ict and continues solving
the formula.

There are two approaches used in DPPL(T). In the full-lazy approach, the theory
solver is only called if the SAT solver �nds a satisfying assignment αB of φB . In the
less-lazy approach, the theory solver is additionally called before each decision.

2.3 Linear real arithmetic

The �rst-order theory of interest in this thesis is the theory of linear real arithmetic.
Let τ be a set of real-valued variables. T-atoms of the theory of linear real arithmetic
are constructed using T-terms.

De�nition 2.3.1. For the theory of linear real arithmetic, a T -term is of the form

a1x1 + ...+ anxn + b

where a1, ..., an ∈ Q, b ∈ Q and x1, ..., xn are real-valued variables. A T -atom is of
the form

t0 ∼ t1
where t0 and t1 are T-terms and ∼ ∈ {<,≤,=, ̸=,≥, >}.

As already shown in Section 2.1.2, T -terms and T -atoms are evaluated using the
usual interpretation of +, ·, <,≤,=, ̸=,≥ and >. For the theory of linear real arith-
metic, we also call a T -atom a linear constraint. A linear constraint is called strict
if ∼ ∈ {<,>, ̸=} and weak otherwise. If ∼ ∈ {=}, the constraint is called a linear
equation.

In the following, we assume without loss of generality that all linear constraints
are of the form

a1x1 + ...+ anxn ∼ b

where a1, ..., an ∈ Q, b ∈ Q, x1, ..., xn are real-valued variables and ∼∈ {<,≤,=, ̸=,≥
, >}. This is possible because for an arbitrary linear constraint c of the form

a1x1 + ...+ anxn + b ∼ a′1x′1 + ...+ a′nx
′
n + b′

a logically equivalent linear constraint ĉ of the desired form can be constructed by
subtracting a′1x

′
1 + ... + a′nx

′
n + b from both sides and simplifying according to the

rules of real arithmetic.
In order to explain an example presented in Section 5, we need one more minor

de�nition:

De�nition 2.3.2. Given a weak linear constraint of the form c := a1x2 + a2x2 ∼ b,
the equality-line of c is de�ned by the equation a1x2 + a2x2 = b.

This de�nition is only used to visualize constraints in a two-dimensional coordinate
system as shown in Figure 2.2.
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Figure 2.2: Visual representation of the equality-lines of the constraints x2 ≤ 1 and
−x1 + x2 ≥ 0 in a two-dimensional coordinate system.

2.4 General Simplex

General Simplex is a variation of the well known Simplex algorithm [Dan63] which is
used to optimize a linear objective function under certain restrictions represented by a
set of weak linear constraints. The version of general Simplex presented here is based
on the algorithm from [KS16, Nal20], which was �rst introduced in [DdM06]. Given
a set Φ of weak linear constraints, general Simplex determines whether φ :=

∧
Φ is

satis�able. If φ is satis�able then the algorithm returns a satisfying assignment α,
otherwise it returns a set Ψ ⊆ Φ such that

∧
Ψ is unsatis�able.

2.4.1 General Form

In order to start the solving process, general Simplex requires its input to be in general
form. An input in general form consists of two components. The �rst component is
a conjunction φeq of linear equations of the form

φeq =

m∧
i=1

(

n∑
j=1

ai,jxj = si)

where ai,j ∈ Q for each i ∈ {1, ...,m}, j ∈ {1, ..., n} and x1, ..., xn, s1, ..., sm are real-
valued variables (x1,...,xn are called original variables and s1,...,sm are called slack
variables). The second component φbounds is a conjunction of bounds. A bound is a
linear constraint of the form

si ∼ b

where ∼∈ {≤,≥}, b ∈ Q and si is a slack variable. For such a constraint si ∼ b, we
will sometimes also refer to b as a bound.

An arbitrary conjunction of weak linear constraints φ =
∧m

i=1 ci can be translated
into normal form by �rst replacing each linear contraint ci = (

∑n
j=1 ajxj ∼ b) by a
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linear equation
∑n

j=1 ajxj = si (where si is a newly introduced variable) and either
one bound si ∼ b (if ∼∈ {≤,≥}) or two bounds si ≤ b and si ≥ b (if ∼∈ {=}). If two
constraints ci and cj (i < j) have the same T-term on the left side, only one linear
equation with si on the right side is added.

Example 2.4.1. Let φ = (x− y = 4 ∧ 2x+ z ≤ −1 ∧ −2y ≥ 1 ∧ 2x+ z ≥ −6). The
general form is constructed as follows:

� replace x− y = 4 by x− y = s1, s1 ≤ 4 and s1 ≥ 4

� replace 2x+ z ≤ −1 by 2x+ z = s2 and s2 ≤ −1

� replace −2y ≥ 1 by −2y = s3 and s3 ≥ 1

� replace 2x + z ≥ −6 by s2 ≥ −6 (there already is a constraint with 2x + z on
the left side)

Therefore, φeq = (x − y = s1 ∧ 2x + z = s2 ∧ −2y = s3) and φbounds = (s1 ≤
4 ∧ s1 ≥ 4 ∧ s2 ≤ −1 ∧ s3 ≥ 1 ∧ s2 ≥ −6).

2.4.2 Tableau, assignment and bounds

During the solving process, general Simplex maintains both a representation of a
tableau (which we will call a tableau for convenience) in the form

xi =
∑
xj∈N

ai,jxj xi ∈ B

and an assignment α : τ → R, where τ = {x1, ..., xk} are the variables of the tableau,
B ⊂ τ is a set of basic variables (also called the basis), N = τ\B is the set of non-basic
variables (also called the non-basis) and (ai,j)xi∈B,xj∈N are the coe�cients of the
tableau. Note that we silently assume a mapping that maps each basic variable to a
row index and each non-basic variable to a column index of the tableau. Additionally,
general Simplex stores a lower bound l(xi) ∈ Q ∪ {−∞} and an upper bound u(xi) ∈
Q∪ {∞} for each variable xi ∈ τ . For simplicity, we will sometimes denote a tableau
as a tuple

T = (B,N,A := (ai,j)xi∈B,xj∈N )

For an input (φeq =
∧m

i=1(
∑n

j=1 ai,jxj = si), φbounds) in general form, tableau,
assignment and lower/upper bounds are initialized as follows (max ∅ = −∞, min ∅ =
∞):

� the tableau consists of the equations from φeq (this implies B = {s1, ..., sm} and
N = {x1, ...xn} )

� α(xj) = 0 for j ∈ {1, ..., n}, α(si) = 0 for i ∈ {1, ...,m}

� l(xj) = −∞, u(xj) =∞ for j ∈ {1, ..., n} (no bounds)

� l(si) = max {b | si ≥ b is a constraint in φbounds} for i ∈ {1, ...,m} (greatest
lower bound)
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� u(si) = min {b | si ≤ b is a constraint in φbounds} for i ∈ {1, ...,m} (least upper
bound)

Example 2.4.2. Consider the following input in general form:

φeq = (x+ y = s1 ∧ −2x+ y = s2 ∧ 3y = s3)

φbounds = (s1 ≥ 1 ∧ s2 ≥ −2 ∧ s1 ≤ 3 ∧ s3 ≤ −3 ∧ s2 ≥ −5)

The initial tableau constructed from this input is

x +y = s1
−2x +y = s2

3y = s3

The stored bounds are l(x) = l(y) = −∞, u(x) = u(y) = ∞ for the non-basic
variables and l(s1) = max{1} = 1, u(s1) = min{3} = 3, l(s2) = max{−2,−5} = −2,
u(s2) = min ∅ = ∞, l(s3) = max ∅ = −∞, u(s3) = −3. We denote the bounds in
the form

1 ≤ s1 ≤ 3

s2 ≥ −2
s3 ≤ −3

The initial assignment is α : x 7→ 0, y 7→ 0, s1 7→ 0, s2 7→ 0, s3 7→ 0.

After initializing tableau, assignment and bounds, general Simplex starts altering
tableau and assignment by performing pivot operations until either a satisfying as-
signment is found or the tableau produces a con�ict. The following theorem (whose
proof we omit here) states three invariants that hold initially and after each pivot
operation.

Theorem 2.4.1. The invariants

1. α(xi) =
∑

xj∈N ai,jα(xj) for all xi ∈ B (the assignment ful�lls the equations)

2. l(xj) ≤ α(xj) ≤ u(xj) for all xj ∈ N (all non-basic variables satisfy their
bounds)

3. an arbitrary assignment α′ satis�es the equations of the current tableau if and
only if α′ is a satisfying assignment of φeq

hold initially and after each pivot operation.

We note that the third invariant of this theorem proves that if at any point the
current assignment α satis�es the equations of the tableau and all bounds, α is also
a satisfying assignment of the original input φeq ∧ φbounds in general form.

2.4.3 Pivot operation

A satisfying assignment α : τ → R needs to satisfy the equations

xi =
∑
xj∈N

ai,jxj xi ∈ B
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and the bounds

l(xi) ≤ xi ≤ u(xi) xi ∈ τ

Since the invariants state that the assignment always satis�es both the equations
and the bounds of the non-basic variables, the only constraints that can be violated
before a pivot operation are bounds of basic variables. If a variable xi ∈ τ violates one
of its bounds, we denote that bound by vi (vi = l(xi) if l(xi) > α(xi) and vi = u(xi)
if u(xi) < α(xi)). A pivot operation consists of the following steps:

1. Pivot selection:

(a) Select a basic variable that violates one of its bounds as the leaving variable
(the variable that leaves the basis B).

Formally, select a xl ∈ B with l(xl) > α(xl) or u(xl) < α(xl).

(b) Select a non-basic variable as the entering variable (the variable that enters
the basis) according to its bounds and the equation

∑
xj∈N al,jxj = xl). If

the leaving variable xl violates its lower bound (upper bound), select an en-
tering variable whose assignment can be changed such that the assignment
of xl increases (decreases).

Formally, select a xe ∈ N with

(al,e < 0 ∧ l(xe) < α(xe)) ∨ (al,e > 0 ∧ u(xe) > α(xe))

if l(xl) > α(xl) and

(al,e < 0 ∧ u(xe) > α(xe)) ∨ (al,e > 0 ∧ l(xe) < α(xe))

if u(xl) < α(xl).

2. Pivot step:

(a) Modify the assignments:

i. α(xe) := α(xe) + δ with δ = vl−α(xl)
al,e

(change the assignment of the
entering variable)

ii. α(xl) := α(xl)+ al,e · δ = vl (change the assignment of xl according to
its equation; this doesn't change δ)

iii. α(xi) := α(xi) + ai,e · δ for xi ∈ B\{xl} (the assignments of the other
basic variables are changed according to their equations)

(b) Solve
∑

xj∈N al,jxj = xl for xe: ∑
xj∈N

al,jxj = xl

⇔ 1

al,e
· xl +

∑
xj∈N\{xe}

−al,j
al,e
· xj = xe (2.1)
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(c) Eliminate xe from all other equations by substitution using Equation (2.1).
The new system of equations is now

a′e,lxl +
∑

xj∈N\{xe}

a′e,jxj = xe

a′i,lxl +
∑

xj∈N\{xe}

a′i,jxj = xi xi ∈ B\{xl}

with

a′e,l =
1

al,e

a′e,j = −
al,j
al,e

xj ∈ N\{xe}

a′i,l = ai,e · a′e,l xi ∈ B\{xl}
a′i,j = ai,j + ai,e · a′e,j xi ∈ B\{xl}, xj ∈ N\{xe}

(d) B := (B\{xl}) ∪ {xe}, N := τ\B (xe becomes basic and xl becomes non-
basic)

We call a basic variable xi ∈ B suitable if it can be selected as the leaving variable
in Step 1a, that is if l(xi) > α(xi) or u(xi) < α(xi). We call a non-basic variable
suitable if it can be selected as entering variable in Step 1b.

Example 2.4.3. We continue Example 2.4.2. For the initial state

x +y = s1
−2x +y = s2

3y = s3

1 ≤ s1 ≤ 3
s2 ≥ −2
s3 ≤ −3

with assignment α : x 7→ 0, y 7→ 0, s1 7→ 0, s2 7→ 0, s3 7→ 0, only s1 and s3 violate their
bounds. Therefore, the leaving variable must be either s1 or s3. We select xl := s1.
Since α(s1) = 0, the violated bound is vl = l(s1) = 1 Both x and y are unbounded
with a non-zero coe�cient in the �rst equation and therefore suitable for the entering
variable. We select xe := x. We now modify α (Step 2a):

δ :=
vl − α(xl)

al,e
=

1− 0

1
= 1

α(x) := α(x) + δ = 0 + 1 = 1

α(s1) := α(s1) + al,e · δ = 0 + 1 · 1 = 1

α(s2) := 0 + (−2) · 1 = −2
α(s3) := 0 + 0 · 1 = 0

Solving x+ y = s1 for x produces

s1 − y = x

and substituting x for s1 − y in the other equations leads to the tableau

s1 −y = x
−2s1 +3y = s2

3y = s3
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Special cases

There are two special cases that can occur during a pivot operation. In Step 1a, it
is possible that there is no suitable basic variable because all basic variables satisfy
their bounds. Since α always satis�es the equations and the bounds of the non-basic
variables, this means that α is a satisfying assignment. Likewise, it is possible that
there is no suitable non-basic variable in Step 1b. In this case, φeq ∧ φbounds is
unsatis�able and a con�ict set Ψconflict is generated.

A con�ict set Ψconflict is a set consisting of bounds from φbounds such that φeq ∧∧
Ψconflict is unsatis�able. Recall that we have already selected a leaving variable

xl ∈ B in Step 1a and either l(xl) > α(xl) or u(xl) < α(xl). Assume l(xl) > α(xl).
Due to Step 1b �nding no suitable variables, we know that

(al,j < 0 ∧ l(xj) ≥ α(xj)) ∨ (al,j > 0 ∧ u(xj) ≤ α(xj)) ∨ al,j = 0 (2.2)

for each xj ∈ Nj . This leads to

l(xl) > α(xl)

=
∑
xj∈N

al,jα(xj)

=
∑
xj∈N
al,j<0

al,jα(xj) +
∑
xj∈N
al,j>0

al,jα(xj)

≥
∑
xj∈N
al,j<0

al,j l(xj) +
∑
xj∈N
al,j>0

al,ju(xj)

Therefore

Ψconflict = {xl ≥ l(xl)} ∪ {xj ≥ l(xj) | al,j < 0}
∪ {xj ≤ u(xj) | al,j > 0}

is a valid con�ict set. The case that u(xj) < α(xl) is handled in a similar manner.

Example 2.4.4. If we perform a second pivot operation on Example 2.4.3 with s3 as
the leaving and y as the entering variable, we obtain

s1 − 1
3s3 = x

−2s1 s3 = s2
1
3s3 = y

1 ≤ s1 ≤ 3
s2 ≥ −2
s3 ≤ −3

with assignment α : x 7→ 2, y 7→ −1, s1 7→ 1, s2 7→ −5, s3 7→ −3. Only s2 is suitable
for the leaving variable, because α(s2) = −5 < −2. However, s1 is not suitable as the
entering variable because

−2 < 0 ∧ l(s1) ≥ α(s1)

and s3 is not suitable because

1 > 0 ∧ u(s3) ≤ α(s3)
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Therefore the input formula in general form is unsatis�able and

Ψconflict = {s2 ≥ −2, s1 ≥ 1, s3 ≤ −3}

If we have the same state except that s2 ≥ −2 is replaced with s2 ≥ −8, the pivot
operation would �nd no suitable candidates for the leaving variable and the algorithm
would terminate with α as a satisfying assignment.

Useful lemmas

We will now prove a few lemmas that we will use in Section 3.1 to prove the termi-
nation of Bland's rule.

Lemma 2.4.2. Let T be the tableau before the pivot operation, T ′ be the tableau after
the pivot operation and α : τ → {0,1} be an arbitrary assignment. Then α satis�es
the equations of T if and only if α satis�es the equations of T ′.

Proof. The only changes made to the equations are the rewriting of one equation in
Step 2b and the subsequent use of the rewritten equation to substitute a variable
in the other equations in Step 2c. Neither rewriting an equation in a system (of
equations) nor substituting one side of an equation in a system for the other in all
other equations changes whether an assignment α satis�es all equations. Therefore,
α satis�es the equations of T if and only if α satis�es the equations of T ′.

Lemma 2.4.3. Let T := (B,N,A := (ai,j)xi∈B,xj∈N ) and T ′ := (B′, N ′, A′ :=
(a′i,j)xi∈B,xj∈N ) be two tableaus such that T ′ is obtained from T by a series of pivot
operations. Then

1. an arbitrary assignment α satis�es the equations of T if and only if α satis�es
the equations of T ′

2. B = B′ implies T = T ′.

Proof. We prove the �rst statement and then use it to prove the second one.

1. Since T ′ is obtained from T by a series of pivot operations, there exist tableaus
T0, ..., Tn such that T0 = T , Tn = T ′ and Ti+1 is obtained from Ti by one pivot
operation. According to Lemma 2.4.2, α satis�es the equations of Ti+1 if and
only if α satis�es the equations of Ti. Therefore α satis�es the equations of
T0 = T if and only if α satis�es the equations of Tn = T ′.

2. Assume B = B′ and T ̸= T ′.

Since B = B′ and N = τ\B = τ\B′ = N ′ there exists at least one xk ∈ B,
xh ∈ N such that ak,h ̸= a′k,h. Let α : τ → {0,1} with α(xh) = 1, α(xj) = 0 for
all xj ∈ N\{xh} and α(xi) = ai,h for all xi ∈ B. Then

α(xi) = ai,h

= ai,h · 1 +
∑

xj∈N\{xh}

ai,j · 0

=
∑
xj∈N

ai,jα(xj)
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for all xi ∈ B. Therefore α satis�es all equations in T .

According to the �rst statement, α must also satisfy all equations in T ′. This
leads to

ak,h = α(xk)

=
∑

xj∈N ′

a′k,jα(xj)

= a′k,h

Contradiction!

Therefore, B = B′ implies T = T ′.

Lemma 2.4.4. The invariants

1. α(xj) = 0 for all xj ∈ N that are unbounded (l(xj) = −∞ and u(xj) =∞)

2. α(xj) ∈ {l(xj), u(xj)} for all other xj ∈ N

hold initially and after each pivot operation.

Proof. We prove the lemma by induction over the number n ∈ N of pivot operations.
For n > 0, Sn := (Tn := (Bn, Nn, An := (ai,j)

n
xi∈Bn,xj∈Nn

), αn) denotes the state
of the algorithm after the n-th pivot operation, where Tn is the tableau and αn the
assignment. S0 = (T0 := (B0, N0, A0 := (ai,j)

0
xi∈B0,xj∈N0

), α0) denotes the initial
state.

Base case:

We have

α0(xj) = 0

l(xj) = −∞
u(xj) =∞

for each xj ∈ N0 per de�nition (see Section 2.4.2).

Inductive step: Assume αn(xj) = 0 for all xj ∈ Nn that are unbounded and
αn(xj) ∈ {l(xj), u(xj)} for all other xj ∈ Nn.

Let xe ∈ Nn be the entering variable and xl ∈ Bn be the leaving variable of the
n-th pivot operation. We know that Nn+1 = (Nn\{xe})∪ {xl} and αn+1(xj) =
αn(xj) for xj ∈ Nn\{xe} = Nn+1\{xl} due to Step 2a. Therefore we only need
to prove that αn+1(xl) = 0 if xl is unbounded and αn+1(xl) ∈ {l(xl), u(xl)}
otherwise. But xl cannot be unbounded due to Step 1a and

αn+1(xl) = αn(xl) + anl,e ·
vl − αn(xl)

anl,e
= vl

with vl ∈ {l(xl), u(xl)} due to Step 2a. Therefore both invariants hold for Sn+1.
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1: function GENERAL_SIMPLEX(φeq, φbounds)
2: (T, α)← initial tableau and assignment ▷ Section 2.4.2
3: loop ▷ pivot operation, Section 2.4.3
4: select a leaving variable xl ∈ B ▷ Step 1a
5: if there is no suitable basic variable then
6: return (SAT, α)
7: end if

8: select a entering Variable xe ∈ N ▷ Step 1b
9: if there is no suitable non-basic variable then

10: return (UNSAT, CONFLICT(T ,α,xl))
11: end if

12: (T,α)← PIVOT_STEP(T, α, xl, xe) ▷ Step 2
13: end loop

14: end function

Figure 2.3: Pseudocode for general Simplex without transformation into general form
(Section 2.4.1) and reverse transformation of output. CONFLICT constructs a con�ict
set the way described in Section 2.4.3 and returns it.

2.4.4 The complete algorithm

The pseudocode of the complete algorithm (without preprocessing and processing of
the output) is given by the function GENERAL_SIMPLEX in Figure 2.3.
GENERAL_SIMPLEX is given an input (φeq, φbounds) in general form and determines if
φeq∧φbounds is satis�able. After constructing the initial tableau, GENERAL_SIMPLEX
starts to perform pivot operations until there is either no suitable basic variable or no
suitable non-basic variable. If there is no suitable basic variable, GENERAL_SIMPLEX
returns SAT together with the current assignment α as a satisfying assignment. If
there is no suitable non-basic variable, GENERAL_SIMPLEX generates a con�ict set
and returns UNSAT together with the con�ict set.

Note that a selection rule is needed in line 4 and 8 if there are multiple suitable
variables. The choice of this selection rule can have a big impact on the number and
cost of pivoting operations performed before termination and therefore on the general
performance. Depending on the chosen selection rule, it is even possible that the
algorithm gets stuck in a cycle and doesn't terminate at all. Such selection rules are
called heuristics and will be discussed in detail later.

2.4.5 General Simplex in DPLL(T)

Extending General Simplex for strict linear constraints

A theory solver in DPLL(T) accepts a set Φ of literals (in this case linear constraints or
their negation) as input and returns a satisfying assignment if φ :=

∧
Φ is satis�able

and an explanation clause constructed from a set Ψ ⊆ Φ for which
∧

Ψ is unsatis�able
otherwise. The base form of general Simplex accepts a set of weak linear constraints
and [Nal20] describes an extension of general Simplex that also allows strict linear
constraints. Such an extension is su�cient for handling any set of literals, since the
negation of a linear constraint ¬c can always be replaced by a logically equivalent
linear constraint c′.
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FPPModule SATModule LRAModule
backend backend

Figure 2.4: The strategy used in this thesis. The root module is blue.

Incrementality

When embedding general Simplex in DPLL(T), the tableau is initialized with the
equations and bounds derived from all constraints in the input formula. Each bound
is either active or inactive and inactive bounds are simply ignored during the execution
of general Simplex. Each time the theory solver is called with Φ as input, only the
bounds corresponding to a constraint c ∈ Φ are active. Furthermore, after a call to
the theory solver is complete, the tableau remains in its �nal state and instead of
re-initializing the tableau on the next call, the �nal state of the last call is used as
initial state. In case some of the newly activated bounds are violated by non-basic
variables, the assignment of these variables is increased/decreased and the assignment
of the basic variables is modi�ed accordingly.

This approach saves overhead from repeated re-initializing of the tableau (espe-
cially when using a less-lazy approach).

2.5 SMT-RAT

The implementation was done in SMT-RAT, an open source C++ toolbox for strategic
and parallel SMT solving [CKJ+15] developed at the Theory of Hybrid Systems group
at RWTH Aachen University. SMT-RAT uses a modular architecture: Each solving
technique (e.g. general Simplex or a SAT solver) is implemented in a module. A
strategy is a directed tree where each node is a module and the child nodes of a
module are its backends. When SMT-RAT is run on an input formula, the selected
strategy determines which modules are used to solve it: Initially, only the root module
is called to solve the input formula, but during the solving process, a module can pass
formulas to its backends to check them for satis�ability. In the DPLL(T) framework
for example, the SAT solver would pass conjunctions of literals to its backend, the
theory solver.

The strategy used in this thesis is shown in Figure 2.4. It is composed of three
di�erent modules: FPPModule, SATModule and LRAModule. FPPModule is a
preprocessing module used to simplify the formula and SATModule and LRAModule
serve as the SAT solver and the theory solver of the DPLL(T) framework, respectively.
SATModule uses Minisat [ES03] to solve the boolean abstraction of the input
formula and calls the theory solver according to the less-lazy approach of DPLL(T)
and LRAModule implements general Simplex.

2.5.1 Tableaus in LRAModule

LRAModule models the state of the tableau as a table M where each row of M
corresponds to a basic variable and each column of M corresponds to a non-basic
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x1 +x2 +x6 = x4
−x1 +x6 = x5

−5x2 −2x6 = x3

→
x1 x2 x6

x4 1 1 1
x5 -1 0 1
x3 0 -5 -2

Figure 2.5: Exemplary tableau on the left and the corresponding table on the right.
Red coe�cients in the table are not stored internally.

variable. The coe�cients of the tableau are the entries of the table: If the basic
variable of the row r is xi and the non-basic variable of the column c is xj , the entry
at row r and column c is ai,j . Internally, only coe�cients ai,j ̸= 0 are stored for
performance reasons. Figure 2.5 shows an exemplary tableau and the corresponding
table in LRAModule.



28 Preliminaries



Chapter 3

Simplex heuristics

In this thesis, we take a closer look at the mechanisms of several heuristics of general
Simplex. A heuristic is a selection rule for the leaving and entering variable of a pivot
operation if there are multiple suitable variables. We call the rule for selecting the
leaving variable the leaving rule and the rule for selecting the entering variable the
entering rule. This chapter describes the heuristics evaluated in this thesis: Bland's
rule, di�erence-based, con�ict-based and sum of infeasibilities.

3.1 Bland's rule

Bland's rule was �rst introduced in [Bla77] for the normal Simplex algorithm and
adapted to general Simplex in [DdM06]. It is very simple and guarantees termination,
but its performance in practice is rather poor. Bland's rule uses an arbitrary �xed
order of the variables and both the entering and the leaving rule always pick the
smallest suitable variable according to the chosen order.

We will now present a proof for the termination of Bland's rule for general Simplex
which is a more in-depth version of the proof from [DdM06] (inspiration was also
drawn from [AC78] ).

Theorem 3.1.1. If general Simplex uses Bland's rule for the selection of the leaving
and entering variable, it always terminates.

Proof. Assume general Simplex doesn't always terminate when using Bland's rule.
Let x1 < x2 < ... < xn be the ordered variables of τ . Then Bland's rule picks
the suitable variable with the smallest index. We choose an input for which general
Simplex doesn't terminate.

General Simplex cycles:

The state of general Simplex before each pivot iteration is de�ned by the tableau
T and the assignment α (the bounds never change). According to Lemma 2.4.3
the basis B uniquely de�nes the tableau T of the state. Therefore, we can write
the state before the k-th pivot operation as a pair Sk = (Bk, αk) where Bk is
the basis and αk the assignment. We denote the unique tableau de�ned by Bk

as
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Tk = (Bk, Nk, Ak := (ai,j)
k
xi∈Bk,xj∈Nk

)

There is only a �nite number of possible bases since τ is �nite and there is only
a �nite number of valid assignments αk for a given base Bk since

� αk(xj) ∈ {0, l(xj), u(xj)} for each xj ∈ Nk according to Lemma 2.4.4.

� αk(xi) =
∑

xj∈Nk
aki,jαk(xj) for each xi ∈ Bk according to the �rst invari-

ant of Theorem 2.4.1.

Therefore, the set of states that are reachable during execution is �nite.

Since general Simplex doesn't terminate, this means that the sequence of states
S0, S1, .... must contain a cycle Sk, ..., St, St+1 = Sk.

General observations:

We call a variable xi ∈ τ �ckle, if it leaves the basis during at least one pivot
operation of the cycle. Since each pivot operation changes the basis we have at
least one �ckle variable.

Let xr be the �ckle variable with the largest index. Then there exists a state
Sl in the cycle where xr leaves the basis (xr ∈ Bl and xr ∈ Nl+1). Since
Sk, ..., St, St+1 = Sk is a cycle, xr must eventually re-enter the basis. Let Sp

be the �rst state in the cycle after Sl where xr enters the basis and let xs be
the variable that is pivoted with xr in the pivot operation between Sp and Sp+1

(xs ∈ Bp and xs ∈ Np+1).

We make a few observations about Sl (denoted in blue) and Sp (denoted in
orange) as well as some additional observations (denoted in purple) that form
the basis of the proof.

The following observations hold for Sl:

(L1) αl(xr) < l(xr) ∨ αl(xr) > u(xr)

(L2) αl(xs) =
∑

xj∈Np
aps,jαl(xj)

(L3) l(xj) ≤ αl(xj) ≤ u(xj) for all xj ∈ τ with j < r

(L1) holds because xr is selected as leaving variable in Sl. (L2) holds because
αl satis�es the equations of Sl (�rst invariant of Theorem 2.4.1) and therefore
must also satisfy the equations of Sp (Lemma 2.4.3). (L3) holds because l(xj) ≤
αl(xj) ≤ u(xj) for each xj ∈ Nl (second invariant of Theorem 2.4.1) and if there
was an xj ∈ Bl with j < r and αl(xj) < l(xj) ∨ αl(xj) > u(xj), Bland's rule
would have picked xj as leaving variable instead of xr.

The following observations hold for Sp:

(P1) αp(xs) < l(xs) ∨ αp(xs) > u(xs)

(P2) αp(xs) =
∑

xj∈Np
aps,jαp(xj)

(P1) holds because xs is selected as leaving variable in Sp. (P2) holds according
to the �rst invariant of Theorem 2.4.1.

The following additional observations hold:
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(A1) αp(xr) = αl+1(xr)

(A2) αl(xs)− αp(xs) =
∑

xj∈Np
aps,j(αl(xj)− αp(xj))

(A1) holds because xr is non-basic in the states Sl+1, ..., Sp and therefore its
assignment is not changed. (A2) holds due to (L2) and (P2).

According to (L1) and (P1), we can distinguish between four cases.

Case 1: αl(xr) < l(xr) ∧ αp(xs) < l(xs)

Since αl(xr) < l(xr), we get αl+1(xr) = l(xr). With (A1), we get

αl+1(xr) = αp(xr) = l(xr) (3.1)

With αp(xs) < l(xs) and because xr is chosen as entering variable in Sp, we get

aps,r > 0 (3.2)

Furthermore, we know that s < r due to the de�nition of xr. With (L3), we
get l(xs) ≤ αl(xs) ≤ u(xs) and with αp(xs) < l(xs) we get αl(xs) > αp(xs).
According to (A2), this mean that there exists at least one xj ∈ Np such that

aps,j(αl(xj)− αp(xj)) > 0 (3.3)

Case 1.1: j < r
With (L3) we get

l(xj) ≤ αl(xj) ≤ u(xj) (3.4)

Since αp(xs) < l(xs) and xj ∈ Np was not picked as entering variable in
Sp, we know that

(αp(xj) ≤ l(xj) ∧ aps,j < 0)

∨ (αp(xj) ≥ u(xj) ∧ aps,j > 0)

∨ aps,j = 0

In each case, we have

aps,j(αl(xj)− αp(xj)) ≤ 0

with (3.4). Contradiction!

Case 1.2: j = r
We get

aps,r(αl(xr)− αp(xr)) < 0

with (3.2), (3.1) and αl(xr) < l(xr). Contradiction!

Case 1.3: j > r
Then xj is always non-basic in the cycle and αl(xj) = αp(xj). Therefore

aps,j(αl(xj)− αp(xj)) = 0

Contradiction!
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Case 2: αl(xr) < l(xr) ∧ αp(xs) > u(xs)
Case 2 is proven analog to Case 1, with the following changes:

� in Equation (3.2), we get aps,r < 0

� we infer that there is a xj ∈ Np with a
p
s,j(αl(xj)−αp(xj)) < 0 in Equation

(3.3)

� in Case 1.1, we infer

(αp(xj) ≤ l(xj) ∧ aps,j> 0)

∨ (αp(xj) ≥ u(xj) ∧ aps,j< 0)

∨ aps,j = 0

and therefore aps,j(αl(xj)− αp(xj)) ≥ 0

� in Case 1.2 we infer aps,r(αl(xr)− αp(xr)) > 0

Case 3: αl(xr) > u(xr) ∧ αp(xs) < l(xs)
Case 3 is proven analog to Case 1, with the following changes:

� in Equation (3.1), we get αl+1(xr) = αp(xr) = u(xr)

� in Equation (3.2), we get aps,r < 0

� in Case 1.2, we derive the same equation aps,r(αl(xr) − αp(xr)) < 0 from
the modi�ed equations above and αl(xr) > u(xr)

Case 4: αl(xr) > u(xr) ∧ αp(xs) > u(xs)
Case 4 is proven analog to Case 1, with the following changes:

� in Equation (3.1), we get αl+1(xr) = αp(xr) = u(xr)

� in Equation (3.2), we derive aps,r > 0 from the modi�ed equation above
and αp(xs) > u(xs)

� we infer that there is a xj ∈ Np with a
p
s,j(αl(xj)−αp(xj)) < 0 in Equation

(3.3)

� in Case 1.1, we infer

(αp(xj) ≤ l(xj) ∧ aps,j> 0)

∨ (αp(xj) ≥ u(xj) ∧ aps,j< 0)

∨ aps,j = 0

and therefore aps,j(αl(xj)− αp(xj)) ≥ 0

� in Case 1.2 we infer aps,r(αl(xr)− αp(xr)) > 0

Conclusion:
Since every case has led to a contradiction, the initial assumption must be false.
Therefore, general Simplex always terminates when using Bland's rule.
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3.2 Di�erence-based

The di�erence-based heuristic was taken from [Gri09] where experiments showed a
signi�cant performance advantage compared to Bland's rule. The heuristic works as
follows:

1. The leaving rule computes the absolute di�erence di := |vi − α(xi)| between
the violated bound vi and the assignment α(xi) for each suitable basic variable
xi ∈ B. The variable with the smallest di is selected as leaving variable. Ties
are broken by using Bland's rule.

2. The entering rule picks the suitable non-basic variable xe ∈ N which occurs in
the smallest number of equations (that is {xi ∈ B | ai,e ̸= 0} is minimal). Ties
are broken using Bland's rule.

The idea behind the di�erence-based heuristic is to minimize the changes of the
assignment α during pivoting in order to reduce the risk of a pivot operation gener-
ating new violations that need to be solved later. The leaving rule tries to minimize
the amount by which the assignment of the entering variable and consequently the
assignments of the basic variables are changed while the entering rule tries to maxi-
mize the number of basic variables that are not changed at all. This has the added
bene�t of reducing the overhead of the pivot step.

However, while the di�erence-based heuristic performed better in experiments
than Bland's rule, it doesn't guarantee terminating and can lead to cycling.

3.3 Con�ict-based

The con�ict-based heuristic was taken from [Ali20] (it is called priority-based strategy
there). This heuristic uses knowledge about the less-lazy DPLL(T) framework, specif-
ically the knowledge that the theory solver is often called many times with only minor
changes to the formula. Knowledge about con�icts encountered in previous calls is
preserved and the heuristic tries to force the tableau into a state which produced a
con�ict in a previous call. This is done as follows:

� for each variable xi ∈ τ , two values are stored: its basic priority and its non-
basic priority (both values are initialized with zero)

� both values are preserved between calls to the theory solver and each time
the theory solver returns unsatis�able to the SAT solver, the �nal state of the
tableau is checked: all basic variables gain basic priority (the value is incre-
mented by one) and all non-basic variables gain non-basic priority

� the leaving rule picks the suitable variable with maximal non-basic priority

� the entering rule picks the suitable variable with maximal basic priority

The idea is that returning the tableau to a previously con�icting state increases the
likelihood of quickly encountering a con�ict again and therefore saves runtime. The
con�ict-based heuristic doesn't guarantee termination and may also be particularly
prone to cycling due to it trying to restore a �xed tableau state.

A secondary heuristic to break ties is particularly important for the con�ict-based
heuristic since in the beginning there won't be a lot of previously encountered con�icts
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and ties will therefore occur often. A secondary heuristic can be any other heuristic,
e.g. Bland's rule or the di�erence-based heuristic.

3.4 Sum of infeasibilities

3.4.1 General idea

Sum of infeasibilities was introduced in [KBD13] and tries to minimize the total
violation of all variables (also called the sum of infeasibilities). The total violation
V io(α) for an assignment α is de�ned as follows:

V io(α) =
∑
xi∈τ

V ioxi
(α)

V ioxi
(α) denotes the amount by which the assignment α(xi) of the variable xi violates

its bound, that is

V ioxi
(α) =


α(xi)− u(xi) α(xi) > u(xi)

l(xi)− α(xi) α(xi) < l(xi)

0 otherwise

Sum of infeasibilities selects the leaving/entering variable in a way that ensures
the total violation either shrinks or remains unchanged during each pivot operation.
If that is not possible, sum of infeasibilities derives a con�ict.

3.4.2 Preliminary de�nitions

In order to select the leaving and entering variable, sum of infeasibilities de�nes
directions. The direction di(α) of a variable xi ∈ τ for an assignment α is de�ned as
follows:

di(α) =


1 α(xi) > u(xi)

−1 α(xi) < l(xi)

0 otherwise

For a given assignment α, the violated bound vi(α) of a variable xi ∈ τ is de�ned
as follows:

vi(α) =


u(xi) α(xi) > u(xi)

l(xi) α(xi) < l(xi)

0 otherwise

With these de�nitions, we get

V ioxi
(α) = di(α) · (α(xi)− vi(α))

V io(α) =
∑
xi∈τ

di(α) · (α(xi)− vi(α))
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Another important de�nition is that of a break point. Given a current tableau Tc
and assignment αc as well as a non-basic variable xj , a break point for Tc, αc and
xj is a value δ that ful�lls the following condition: If δ is added to αc(xj) and the
assignments of the basic variables are modi�ed according to their equations (see Step
2a of the pivot operation) then at least one basic variable is set to one of its bounds.

3.4.3 Determining the total violation

Let Tc = (Bc, Nc, Ac := (aci,j)xi∈Bc,xj∈Nc) be the current tableau and αc be the
current assignment before a pivot operation. We know that in the pivot step (Step
2) the assignment of the entering variable is changed and then the assignments of the
basic variables are modi�ed according to the equations. Therefore, given a value δ and
an entering variable xe ∈ Nc, our goal is to determine how the total violation changes
if we add δ to αc(xe) and modify the assignments of the basic variables according to
their equations.

To do this, we take a look at the current total violation

V io(αc) =
∑
xi∈τ

di(αc) · (αc(xi)− vi(αc))

=
∑

xi∈Bc

di(αc) · (αc(xi)− vi(αc))

=

( ∑
xi∈Bc

di(αc) · αc(xi)

)
− C

with C =
∑

xi∈Bc
di(αc) · vi(αc). By replacing αc(xi) by xi, we get

V ioF (αc) :=

( ∑
xi∈Bc

di(αc) · xi

)
− C

Since the basic variables are modi�ed according to their equations, we substitute
using said equations and get

V ioF (αc) =

( ∑
xi∈Bc

di(αc) · xi

)
− C

=

 ∑
xi∈Bc

di(αc)

 ∑
xj∈Nc

aci,jxj

− C
=

 ∑
xj∈Nc

( ∑
xi∈Bc

di(αc)a
c
i,j

)
xj

− C (3.5)

We call tj :=
∑

xi∈Bc
di(αc)a

c
i,j the infeasibility coe�cient of xj . Note that for

every assignment α that ful�lls the equations of the tableau and has the same violated
bounds and directions as αc, the total violation V io(α) can be computed by replacing
xj with α(xj) in Equation (3.5).
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We now consider the smallest break point δj,+ ≥ 0 and the biggest break point
δj,− ≤ 0 for each non-basic variable xj ∈ Nc. For every δ ∈ (δj,−, δj,+), adding δ
to the assignment of an entering variable xe ∈ Nc and modifying the assignments
of the basic variables accordingly doesn't change the violated bounds or directions.
Therefore, the new total violation is

V ioold + tj · δ

where V ioold is the total violation before the modi�cations. This motivates a new
de�nition of suitable variables in the context of this heuristic. We call a non-basic
variable xj ∈ N suitable, if

(tj > 0 ∧ αc(xj) > l(xj)) ∨ (tj < 0 ∧ αc(xj) < u(xj))

The set of suitable non-basic variables is

Suit ={xj ∈ Nc | tj > 0 ∧ αc(xj) > l(xj)}
∪ {xj ∈ Nc | tj < 0 ∧ αc(xj) < u(xj)}

3.4.4 Algorithm

An algorithm for general Simplex with sum of infeasibilities is given in Figure 3.1.
Note that this algorithm has a di�erent structure than the standard algorithm de-
picted in Figure 2.3. Before each pivot operation, the algorithm performs three checks:
First it checks whether there are any basic variables that violate their bounds. If that
is not the case, the algorithm terminates with α as a satisfying assignment. Other-
wise, the algorithm checks whether there is a con�ict caused by a single equation (see
Section 2.4.3). Unlike the standard version of general Simplex, which only checks the
equation of the leaving variable for a con�ict, SOI_SIMPLEX checks all equations
for con�icts. If no single-line con�ict is found, the algorithm then checks if there
are suitable non-basic variables. If not, a con�ict set Ψconflict can be constructed
as described in Section 3.4.5. Otherwise, there are basic variables that violate their
bounds and no con�icts have been detected. The algorithm then selects a leaving and
entering variable as well as a value δ to be added to the entering variable. This again
is a deviation from standard general Simplex where δ is determined by the leaving
and entering variable (see Step 2a of the pivot operation).

Pivot selection

The pivot selection is depicted in Line 12 to 22 of Figure 3.1. Pivot selection generates
a set S of triples containing the entering candidate xj , the leaving candidate xi and
the update δ and then picks one triple for pivoting.

For this, the algorithm generates a set L of tuples for each suitable non-basic
variable xj . L contains all breakpoints of xj together with the basic variable that is
set to its bound (if a break point δ sets multiple basic variables to one of their bounds,
multiple tuples are generated). SOI_SIMPLEX then selects one tuple ⟨xi, δ⟩ from L
by minimizing ∆V io(xj , δ) (the amount that the total violation would change if δ was
added to α(xj) and the assignments of the basic variables were modi�ed accordingly).
The absolute value |δ| of the break point and Bland's rule (the variables are ordered
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1: function SOI_SIMPLEX(φeq, φbounds)
2: (T, α)← initial tableau and assignment
3: loop

4: if l(xi) ≤ α(xi) ≤ u(xi) for all xi ∈ B then

5: return (SAT, α)
6: else if there is a con�icting equation xi =

∑
xj∈N ai,jxj then

7: return (UNSAT, CONFLICT(T , α, xi) ) ▷ single-line con�ict
8: else if Suit = ∅ then
9: return (UNSAT, MULTI_CONFLICT(T , α)) ▷ Section 3.4.5

10: end if

11: S ← ∅
12: for all xj ∈ Suit do
13: L← ∅
14: for all xi ∈ B with ai,j ̸= 0 do
15: L← L ∪ {⟨xi, δb,l(xj , xi)⟩} ▷ skipped if xi has no lower bound
16: L← L ∪ {⟨xi, δb,u(xj , xi)⟩} ▷ skipped if xi has no upper bound
17: end for

18: select ⟨xi, δ⟩ ∈ L by minimizing ⟨∆V io(xj , δ), |δ|, i⟩
19: S ← S ∪ {⟨xj , xi, δ⟩}
20: end for

21: select ⟨xe, xl, δ⟩ by minimizing ⟨sgn(∆V io(xj , δ)) · |tj |, j⟩
22: (T, α)← PIVOT_STEP(T , α, xl, xe, δ)
23: end loop

24: end function

Figure 3.1: Pseudocode for general Simplex with sum of infeasibilities. δb,l(xj , xi) :=
(l(xi) − α(xi))/ai,j is the break point of xj that sets xi to its lower bound and
δb,u(xj , xi) := (u(xi) − α(xi))/ai,j is the break point of xj that sets xi to its upper
bound. sgn(x) denotes the signum of x. Single-line con�icts have been explained in
Section 2.4.3.

.

by index) are used as secondary and tertiary heuristic to break ties. xj is then added
to S together with the selected break point δ and the basic variable xi.

The triple ⟨xe, xl, δ⟩ used for pivoting is selected from the triples with negative
∆V io(xj , δ) by maximizing the absolute value |tj | of the infeasibility coe�cient. If
there are no triples with negative ∆V io(xj , δ) in S, the triple is selected according to
Bland's rule from the triples with ∆V io(xj , δ) = 0 (it can be shown that there always
exists a triple ⟨xe, xl, δ⟩ with ∆V io(xj , δ) ≤ 0). Ties are also broken using Bland's
rule.

3.4.5 Multi-line con�icts

A multi-line con�ict occurs if the checks in Line 4 and Line 6 of Figure 3.1 fail (there
are basic variables violating their bounds and no single-line con�icts are detected),
but the check in Line 8 discovers that Suit = ∅ (there are no suitable non-basic
variables).

Let El be the set of basic variables that violate their lower bound and Eu be the
set of basic variables that violate their upper bound, that is
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El = {xi ∈ B | α(xi) < l(xi)}
Eu = {xi ∈ B | α(xi) > u(xi)}

Furthermore, let

Ψt ={xj ≥ l(xj) | tj > 0}
∪ {xj ≤ u(xj) | tj < 0}

It can be shown that E ̸= ∅ (check Line 4) and Suit = ∅ (check Line 8) imply
that every assignment α which satis�es the bounds of Ψt and the equations from the
�nal tableau cannot satisfy all bounds from

ΨE = {xi ≥ l(xi) | xi ∈ El} ∪ {xi ≤ u(xi) | xi ∈ Eu}

Therefore, we can return

Ψconflict = ΨE ∪Ψt

as a con�ict set.
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Implementation

4.1 Overview

The heuristics presented in Section 3 were implemented in the LRAModule of
SMT-RAT (see Section 2.5). Since ties can occur when using the di�erence-based
heuristic or the con�ict-based heuristic, both heuristics use Bland's rule as a secondary
heuristic to break said ties. Additionally, the code for the pivot selection was rewritten
in order to enable modular and easy switching of the implemented heuristics and
simplify changes to the heuristics as well as the addition of new ones. Sections 4.2
and 4.3 describe this in more detail.

4.2 Making pivot selection more modular

Within the LRAModule, pivot selection is realized by calling the function

std : : pair<EntryID , bool> nextPivot ingElement ( )

from the Tableau class. It returns a pair of an EntryID and a bool. The bool is
true if there is no con�ict in the tableau and false if there is such a con�ict (either
caused by a single row or multiple rows, see Section 3.4.5). If a con�icting row exists
then the EntryID is used to identify the con�icting row and if the leaving and entering
variable were selected successfully then the EntryID is used to identify the leaving
and entering variable. In all other cases, the EntryID is set to the reserved value
LAST_ENTRY_ID to signal that either the current assignment satis�es all bounds or
there is a multi-line con�ict.

The rewritten code for this function implements the algorithm for pivot selection
depicted in Section 2.4.3, which is used by most heuristics. Figure 4.1 shows the inter-
action between nextPivotingElement and the four most important subroutines
used in the algorithm: selectLeavingVar, selectEnteringVar, betterBVar
and betterNbVarEntry. During pivot selection, nextPivotingElement calls
selectLeavingVar to select the leaving variable. In order to do this,
selectLeavingVar iterates over all suitable basic variables and uses betterBVar
to determine if the current variable is �better� (according to the used heuristic) as
leaving variable then the �best� suitable variable encountered so far. After the leav-
ing variable was selected, selectEnteringVar utilizes betterNbVarEntry in a
similar manner to select the entering variable out of the suitable non-basic variables.
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nextPivotingElement

selectLeavingVarselectEnteringVar

betterBVarbetterNbVarEntry

Tableau

PivotStrategy

Figure 4.1: Graph visualizing the interaction between nextPivotingElement and
four of its subroutines. Rectangles with rounded corners represent functions, while
rectangles without represent classes. An arrow from function a to function b means
that b is called by a. If a new heuristic is implemented, only the code within the blue
functions (namely betterBVar and betterNbVarEntry) needs to be changed.

This structure has the bene�t that only betterBVar and betterNbVarEntry
have to know about the current heuristic and therefore changes to the implemented
heuristics (or the addition of new ones) only require changes in these two functions.

However, it should be noted that this only works for heuristics that use the algo-
rithm from Section 2.4.3. Sum of infeasibilities for example uses a completely di�erent
procedure and introduces multi-line con�icts. Consequently, the structure from Fig-
ure 4.1 could not be used and a new structure had to be implemented. Additional
changes to the LRAModule were necessary in order to implement the correct handling
of multi-line con�icts.

4.3 The class PivotStrategy

As the original intent of this thesis was to develop a dynamical heuristic which switches
between static heuristics during runtime, a new class was created to store informa-
tion and subroutines for this purpose, most importantly the currently selected static
heuristic. Unfortunately, due to the disappointing results of the static heuristics im-
plemented (see Section 5) this idea was later abandoned, leaving this class with little
content. It was also tried to capsule subroutines related to heuristics into this class,
but this lead to problems with mutual recursion. Therefore, a lot of subroutines that
were originally planned to be implemented within the PivotStrategy class, were moved
to the Tableau class instead. This can also be seen in Figure 4.1, as of the four sub-
routines of nextPivotingElement, only betterBVar could be implemented in
the PivotStrategy class.
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4.4 Di�culties with sum of infeasibilities

While implementing the �rst three heuristics was fairly simple and straightforward,
implementing sum of infeasibilities proved to be very di�cult due to two reasons:

1. The computation of ∆V io required complex calculations with various edge cases
that had to be detected (since they were not mentioned in [KBD13]) and dealt
with in the right manner.

2. The pivot operation for sum of infeasibilities was completely di�erent from the
standard procedure and therefore required various changes to the underlying
solver structure. Furthermore, the LRAModule itself turned out to be rather
complex, containing various extensions on top of the standard general Simplex
algorithm. Changes to the underlying structure therefore required a great deal
of care to avoid unintended side e�ects.

As a result, the time required to construct a working implementation of sum of in-
feasibilities was roughly 10 to 20 times higher than the time required for implementing
all other heuristics together.
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Chapter 5

Evaluation

The original intent of this thesis was to develop a dynamic heuristic that switches
between a set of static heuristics during runtime. The idea was to have the dynamic
heuristic monitor the solving process and always select the �best� static heuristic
according to the collected data. However, the results obtained from benchmarking
SMT-RAT with the static heuristics described in Section 3 showed little di�erence
between the heuristics performance-wise (except for sum of infeasibilties, which was
signi�cantly worse than the other heuristics) and therefore little promise for such a
dynamic heuristic. As a result, the focus of the thesis was shifted to examining these
rather surprising results more closely with the goal of �nding an explanation as to
why the selected heuristic seems to have little in�uence on the overall performance of
SMT-RAT.

5.1 The setup

Benchmarking was performed on the cluster of the Informatics 2 chair at the RWTH
Aachen University, featuring 4x 2.1 Ghz AMD Opteron with 12 Cores each and
192 GB RAM. For benchmarking, we used the tool BENCHMAX, which is provided
alongside SMT-RAT. BENCHMAX was executed with a memory limit of 4 gigabyte, using
an SSH backend on localhost with 9 connections and 5 parallel jobs per connection. As
a benchmark set, we used the repository QF_LRA with non-incremental benchmarks
from the SMT-LIB library [BFT16]. Our benchmark set contained a total of 1753
instances.

Usually, heuristics that can cycle switch to Bland's rule after a certain number of
pivot operations to guarantee termination, a feature that is implemented in SMT-RAT
as well. However, since we wanted to speci�cally examine the di�erences between the
heuristics, we disabled this feature for our tests.

5.2 Initial Results

The initial tests were run with a time limit of 1 minute. As shown in Figure 5.1,
Bland's rule, the di�erence-based heuristic and the con�ict-based heuristic showed
only minimal di�erences with regards to the number of instances solved (the best of
them solving only 15 instances more than the worst). This is especially surprising for
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Bland di�erence con�ict soi virtual best

sat 513 510 510 411 522
unsat 375 384 369 305 386
timeout 822 817 831 992
memout 43 42 43 45

total solved 888 894 879 716 908
total unsolved 865 859 874 1037 845

Figure 5.1: Results of the initial tests run with a time limit of 1 minute. The table
depicts the number of instances were the heuristics returned sat/unsat, the number
of instances where they timed out and the number of instances where the solver ran
out of memory. Additionally, the total number of solved instances (sat + unsat) and
the number of unsolved instances (timeout + memout) is shown. Sum of infeasibilties
was shortened to soi for convenience.

Bland di�erence con�ict virtual best

sat 512 513 512 522
unsat 372 385 369 387
timeout 826 812 831
memout 43 43 41

total solved 884 898 881 909
total unsolved 869 855 872 844

Figure 5.2: Results of the second set of tests.

the di�erence-based heuristic, since this heuristic is directly taken from [Gri09], where
it is stated that using the di�erence-based heuristic led to a signi�cant performance
boost compared to Bland's rule. Sum of infeasibilities performs signi�cantly worse
than the other heuristics even though [KBD13] states that sum of infeasibilities
was able to compete with a heuristic superior to Bland's rule when implemented
in their solver CVC4. Most importantly, the virtual best, determined by taking the
performance of the fastest solver for each instance, only solves slightly (2-3%) more
instances than the �rst three heuristics. This means that not only do Bland's rule,
the di�erence-based heuristic and the con�ict-based heuristic solve a similar number
of instances, but the instances they solve are mostly the same. This indicates that
there would be little bene�t to the dynamic heuristic explained at the start of this
section.

For the second set of tests, we modi�ed Bland's rule, the di�erence-based heuristic
and the con�ict-based heuristic. They now perform the same con�ict check as sum
of infeasibilities, checking all equations for con�icts instead of just the equation of
the leaving variable. Furthermore, we implemented a data structure to dynamically
maintain the set of violating rows (rows in the tableau where the basic variable is
violating its bounds) to increase e�ciency. The idea for this was again taken from
[KBD13], where it led to a 46% speedup in performance. Figure 5.2 shows the results.

The results of this second set of tests were rather disappointing. Rather than
leading to a signi�cant performance increase for the three heuristics, the e�ects of
the new con�ict check were negligible. The di�erence-based heuristic solved 4 more
instances, the con�ict-based heuristic solved 2 more and Bland's rule even solved 4
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instances less than in the initial tests. The fact that the di�erence-based heuristic and
the con�ict-based heuristic seemed to get at least somewhat of a performance increase
is probably due to them being better in capitalizing on the new con�ict check and the
underlying data structure. The entering rule of the di�erence-based heuristic tries to
minimize the changes to the tableau, therefore reducing the cost of maintaining the
data structure for the violating rows. The con�ict-based heuristic aims to force the
tableau in a con�icting state and can therefore make good use of a more thorough
check for con�icts. On a �nal note, the behavior of the virtual best also didn't change
much, with it solving only 1-3% more instances than the other heuristics.

5.3 Two examples to show divergence

Due to the surprising similarities of our heuristics performance-wise, we constructed
two examples to verify that the chosen heuristic can have a signi�cant in�uence on the
solving process. Both examples were additionally solved by hand for each heuristic and
the obtained results (including most intermediate results) were compared to the ones
computed by SMT-RAT. When testing the heuristics on the examples we disabled the
FPPModule to prevent it from prematurely solving or modifying the input formula.

The �rst example causes SMT-RAT to execute a single theory call, checking the
conjunction of the following linear constraints for satis�ability:

−x1 + x2 ≥ 1

−x1 + 2x2 ≤ 4

x1 + x2 ≥ 2

5x1 + 11x2 ≥ 55/2

2x1 + x2 ≤ 10

x1 + 3x2 ≥ 3/2

We tested all four heuristics on this example and traced the assignment of x1 and
x2 during the solving process. Figure 5.3, Figure 5.4 and Figure 5.5 show a geometric
representation of the results. Each point corresponds to an assignment. Apart from
the two dashed lines, each line is the equality-line of a constraint (see Section 2.3).
The blue shading signals that one or multiple constraints are violated: The darker the
shades at one point, the more constraints are violated by the corresponding assign-
ment. Therefore, the white region corresponds to the set of satis�ying assignments.
The changes to the assignment during the solving process are shown by a series of red
arrows, each arrow representing a single pivot operation.

The �gures show that the traversed assignments of the four heuristics di�er signif-
icantly from each other, with the only exception being Bland's rule and the con�ict-
based heuristic, where the traversed assignments are identical. This is because the
example causes only a single theory call. At the start of this singular theory call,
there are no prior theory calls and therefore no prior con�icts for the con�ict-based
heuristic to utilize. The heuristic then selects the leaving and entering variable solely
according to its secondary heuristic, which is Bland's rule.

In order to show the di�erence between Bland's rule and the con�ict-based heuris-
tic, we constructed a second example. The second example causes three theory calls to
be executed. The third theory call is executed with the same set of constraints as the
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theory call in the �rst example. The other two theory calls aim to showcase the di�er-
ence between the con�ict-based heuristic and Bland's rule by increasing the non-basic
priority of the slack variables generated by the constraints 5x1 + 11x2 ≥ 55/2 =: c1
and 2x1 + x2 ≤ 10 =: c2 before the third theory call. Figures 5.6, 5.7, 5.8 and 5.9
show the geometric representation of the traversed assignments for the third theory
call. Note that due to the incrementality of the Simplex algorithm implemented in the
LRAModule, the initial assignments of the third theory call di�er from each other.
Additionally, the variable order assigned by SMT-RAT in the second example is di�er-
ent from the one assigned in the �rst example and therefore the traversed assignments
for Bland's rule di�er as well.

As expected, the higher non-basic priority of the slack variables generated by the
constraints c1 and c2 causes the LRAModule to try and keep these slack variables
non-basic. This leads to a notable di�erence between the traversed assignments of
Bland's rule and the con�ict-based heuristic.

Overall, the two examples show that even for a relatively small example, the solv-
ing process can indeed di�er signi�cantly depending on the chosen heuristic. There-
fore, the results of the initial benchmarks are unlikely to be caused by a lack of
divergence between the di�erent heuristics.
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Figure 5.3: Solving process for the �rst example when using sum of infeasibilities.
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Figure 5.4: Solving process for the �rst example when using Bland's rule or the
con�ict-based heuristic.
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Figure 5.5: Solving process for the �rst example when using the di�erence-based
heuristic.
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Figure 5.6: Solving process for the third theory call of the second example when
using sum of infeasibilities.
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Figure 5.7: Solving process for the third theory call of the second example when
using Bland's rule.
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Figure 5.8: Solving process for the third theory call of the second example when
using the con�ict-based heuristic.
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Figure 5.9: Solving process for the third theory call of the second example when
using the di�erence-based heuristic.
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Bland di�erence con�ict soi virtual best

sat 546 544 542 414 560
unsat 394 406 387 309 410
timeout 731 721 742 950
memout 82 82 82 80

total solved 940 950 929 723 970
total unsolved 813 803 824 1030 783

Figure 5.10: Number of instances solved with time limit of 5 minutes.

5.4 Going into detail

Following our initial experiments, we took a closer look at the solving process of our
heuristics. For this, we performed another round of benchmarking where we addi-
tionally collected a bunch of statistics about the solving process. We then generated
several pro�les and scatterplots and examined the collected statistics. Our most im-
portant �ndings are presented in this section.

5.4.1 The setting

For this round of benchmarking we raised the timout to 5 minutes. We used the same
version of the heuristics as in our �rst tests, that is Bland's rule, the di�erence-based
heuristic and the con�ict-based heuristic only check the row of the leaving variable
for con�icts instead of checking all rows. Figure 5.10 shows the number of solved
instances with the new time limit. Raising the timeout from 1 minute to 5 minutes
didn't cause any major changes (e.g. the virtual best still only solves 2-4% more
instances than the �rst three heuristics).

5.4.2 The FPPModule

The FPPModule is the �rst module called on the input and used to simplify the
formula (see Section 2.5). Since the SATModule and the LRAModule are only called
after the execution of the FPPModule is complete, the performance on all instances
on which the FPPModule either times out or solves the formula is una�ected by the
LRAModule and therefore the chosen heuristic. The exact number of these instances
varies slightly for each round of benchmarks taken, but is always roughly 30% of the
total instances. Roughly 40% of these instances are solved by the FPPModule, on
the other 60% the FPPModule times out. Figure 5.11 shows this distribution in a
pie diagram.

For the remaining tests, we only looked at the instances where the LRAModule
was called.

5.4.3 Performance pro�le and scatterplots

Next, we generated the performance pro�le as well as all scatterplots for our heuristics.
Figure 5.12 and 5.13 show the results.

The performance pro�les of Bland's rule, the di�erence-based heuristic and the
con�ict-based heuristic are again very similar to each other. In the full performance
pro�le, the di�erence between these three only becomes clearly visible from around
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70%

12%

18%

LRAModule called

FPPModule solved instance

FPPModule times out

Figure 5.11: Pie diagram depicting the number of instances that the FPPModule
solves and the number of instances where the FPPModule times out in relation to the
total number of instances.

650 instances forward. From there on, the di�erence-based heuristic performs slightly
better than Bland's rule while the con�ict-based heuristic performs slightly worse.
Sum of infeasibilities is an outlier, performing very similar to the other heuristics up
until around 400 to 450 instances but performing signi�cantly worse from there on.

Probably the most important thing to note however is that all four heuristic solve
the majority of their instances extremely fast and the number of additional instances
solved starts to shrink rapidly with higher runtimes. The enlarged section of the
performance pro�le shows that almost all instances solved by sum of infeasibilities
are solved in less than 1 second. While this ratio is a bit lower for the other heuristics,
they still solve more then 2/3 of their solved instances in less than 1 second. It should
also be noted that even in the enlarged section of the performance pro�le (with the
y-axis only ranging from 0 to 1 second), the heuristics are still indistinguishable until
about 360 instances.

When looking at the scatterplots comparing the Bland's rule, the di�erence-based
heuristic and the con�ict-based heuristic in Figure 5.13, we note that there are in fact
a number of instances where one heuristic signi�cantly outperforms the other (we will
call these instances outliers). However, there are a few things to note here. First of
all, even though we �ltered all instances where the LRAModule was not called, there
are still more than 1200 instances remaining. Secondly, there are a lot of instances
tightly grouped together near the bottom left corner. These groups are most likely
composed of a lot more instances than apparent at �rst glance. Similarly, the singular
point in the top right corner is in fact caused by more than 700 instances stacked on
top of each other. In comparison, the number of outliers is rather small. Nonetheless,
it should be noted that some outliers do in fact exist.

When comparing sum of infeasibilities to the other heuristics, we note that sum
of infeasibilities outperforms the other heuristics on a few instances. However, there
are always a lot of instances where sum of infeasibilities times out while the other
heuristic solves them, including a large group of instances solved by the other heuristic
in only a couple of seconds.
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(a) Full pro�le.

(b) Enlarged section.

Figure 5.12: Performance pro�le for all heuristics. Depicts the number of instances
that are solved in at most y seconds where y is the value of the y-axis.
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(a) Bland's rule and di�erence-based
heuristic.

(b) Bland's rule and con�ict-based
heuristic.

(c) Bland's rule and sum of infeasibilities. (d) Con�ict-based and di�erence-based
heuristic.

(e) Di�erence-based heuristic and sum of
infeasibilities.

(f) Con�ict-based heuristic and sum of
infeasibilities.

Figure 5.13: Scatterplots for all possible combinations of two heuristics.
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average number of pivots Bland di�erence con�ict soi

total average 70 502 132 48567
average unsolved 149 1268 301 83648

Figure 5.14: Average number of pivots per theory call over all instances and over the
unsolved instances only.

(a) Full pro�le. (b) Enlarged section.

Figure 5.15: Performance pro�le for the average number of pivots. Note that only
solved instances are considered here.

5.4.4 Collected Statistics

Most of the collected statistics were already implemented in the
LRAModuleStatistics class of the LRAModule. We �xed some bugs causing the
existing statistics to output distorted results in certain cases and implemented a few
timers.

Average number of pivots

The average number of pivots is obtained by taking the total number of pivot opera-
tions the solver performed when executed on the instance and dividing it by the total
number of theory calls performed. Since the average number of pivots is the main pa-
rameter Simplex heuristics try to optimize, we took a close look at this statistic. We
collected the average number of pivots for each instance and computed the average
over all these values. We then repeated this computation, but instead of computing
the average over all instances, we only considered the instances which the heuristic
could not solve. Figure 5.14 shows the results.

The �rst thing to note is that the average number of pivots for sum of infeasibilities
is several order of magnitudes higher than those for the other heuristics. This is
again inconsistent with the statements made in [KBD13]. Secondly, even though
the di�erence-based heuristic performed better than Bland's rule and the con�ict-
based heuristic, its average number of pivots is signi�cantly higher. To get a better
understanding of these numbers, we generated the performance pro�le for the average
number of pivots, which is shown in Figure 5.15.

The performance pro�le in Figure 5.15 has a shape similar to the one in Figure 5.12.
The average number of pivots shows largely the same behavior for all heuristics: For
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the vast majority of the solved instances, the average number of pivots is extremely
small even though there are a few solved instances with a high average number of
pivots. More precisely, all heuristics have an average number of less than 5 pivots
per theory call on around 80-90% of their solved instances. This leaves little room
for optimization in terms of heuristics. Unsurprisingly, all heuristics have basically
the same average number of pivots for these instances, with the exception of sum of
infeasibilities having far fewer such instances but also having a slightly lower average
number of pivots for a bunch of them. The similarity of the performance pro�les
from Figure 5.12 and Figure 5.15 indicates that the instances with a low runtime and
those with a low average number of pivots are mostly identical. For these instances,
optimization in terms of heuristics is likely not feasible, leaving only the few instances
solved with a high average number of pivots and the unsolved instances. At this point,
the reader may notice that the number of instances where optimization in terms of
heuristics is possible is already beginning to drop rapidly. First, roughly 30% of the
1753 instances were proven to be irrelevant due to the preprocessing performed by the
FPPModule and now optimization is indicated to be infeasible for another 600-700
instances.

On a side note, Figure 5.15 also shows that, contrary to what Figure 5.14 seems
to indicate at �rst glance, the di�erence-based heuristic does not seem to need more
pivot operations per theory call. The higher values for this heuristic are probably
due to the di�erence-based heuristic being designed to not only decrease the average
number of pivots but also the time required for one pivot step (see Section 3), thus
allowing the heuristic to perform more pivots in the same time.

Timer

While observing the behavior of the average number of pivots already provided some
helpful insight, there were still some open questions. For example, judging the opti-
mization potential of Bland's rule with an average of 149 pivot operations per theory
call on the unsolved instances was still di�cult without knowing how much time the
pivoting process took in relation to the total runtime of the solver. Because of this,
we implemented three timers:

1. a timer that measures the time from the �rst theory call to the return of the
last theory call, which we will refer to as �rst-to-last timer,

2. a timer that measures the total duration of all theory calls together, which we
will refer to as theory call timer and

3. a timer that measures the total time spent pivoting (pivot selection + pivot
step), which we will refer to as pivoting timer.

It is important to note that the times measured by the timers are subsets of
each other, that is the time measured by the pivoting timer is contained in the time
measured by the theory call timer which is in turn contained in the time measured by
the �rst-to-last timer. We were interested in the percentage of the measured times in
relation to the total runtime rather than the measured times itself. In the following,
we will discuss the insights gained from these percentages.

In the previous subsection about the average number of pivots, we explained that
optimization is most likely infeasible for 600-700 instances because the average number
of pivots per theory call needed by all heuristics (including something as simple as
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Figure 5.16: Performance pro�le for the statistic percentage pivoting time. The
statistic is computed by taking the time measured by the pivoting timer and dividing
it by the total runtime.

Bland's rule) is already extremely small. However, as mentioned before, a heuristic
can also try to minimize the cost of a pivot step instead of or in addition to minimizing
the number of pivots. After the implementation of the pivoting timer we were able
to gauge the feasibility of this option by taking a look at the performance pro�le
depicted in Figure 5.16. The pro�le shows that around 650 instances are solved with
the pivoting time making up only 10% or less of the total runtime (again this is true
for all heuristics except sum of infeasibilities). It is reasonable to assume that given
the shape of the pro�le, which is again similar to the shape of the previous pro�les,
these instances are mostly identical with the instances where the average number of
pivots was extremely small. We conclude that optimizing the cost of the pivot step
is unlikely to lead to major performance improvements on these instances.

Looking at the performance pro�les in Figure 5.17 and comparing them to the
one in Figure 5.16, we note that even on the instances solved by sum of infeasibilities,
the theory solver spends most of its time pivoting. Additionally, we note two things
about the other heuristics:

� There is a signi�cant number of instances where the time measured by the �rst-
to-last timer is only a fraction of the total runtime. This is probably due to the
FPPModule taking a lot of time for preprocessing.

� On the other hand, there is also a signi�cant number of instances where both the
time measured by the �rst-to-last timer and the time measured by the theory
call timer is notably higher than the pivoting time. Therefore, even though
there seems to be little to gain by optimizing the used heuristic, optimizing
other parts of the Simplex algorithm implemented in the LRAModule may lead
to some measure of improvement.

Like we did with the average number of pivots, we also computed the average of
these percentages both over all instances and over the unsolved instances only. Figure
5.18 shows the results. We were especially interested in the averages computed over
the unsolved instances, since these are the instances we know the least about so far.

Looking at the percentages for the pivoting time, we note that while the values
are a bit higher for the unsolved instances, they are still pretty small for the �rst
three heuristics (the con�ict-based heuristic having the highest percentage which is
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(a) Pro�le for �rst-to-last timer. (b) Pro�le for theory call timer.

Figure 5.17: Performance pro�les for the �rst-to-last timer and the theory call timer.
The statistic is computed by taking the time measured by the timer and dividing it
by the total runtime.

Bland di�erence con�ict soi

% pivoting

total average 9.17 8.22 10.50 54.05
average unsolved 10.20 10.91 15.94 88.35

% theory call

total average 26.02 27.47 28.22 55.29
average unsolved 38.20 43.10 44.22 89.42

% �rst-to-last

total average 43.09 43.53 43.95 56.99
average unsolved 68.46 71.23 71.62 91.27

Figure 5.18: Average values of the percentages derived from the measured times over
all instances and over the unsolved instances only.

still below 16%). Therefore, we come to the conclusion that, like with the solved
instances, optimizing the heuristic is unlikely to lead to major performance improve-
ments. However, looking back at Figure 5.14, the average number of pivots for the
unsolved instances (ranging from 149 to 1268 for the �rst three heuristics) is high
enough that reduction by optimization of the heuristic may be possible, even though
the performance gains will, as stated, likely be relatively minor.

The average value for the �rst-to-last timer over the unsolved instances is fairly
high across the board, making up roughly 70% of the runtime for the �rst three
heuristics and roughly 90% for sum of infeasibilities. That means that the time taken
by the FPPModule preprocessing the input is fairly small (although we need to keep
in mind that the instances where the FPPModule timed out are already excluded
here). Combined with the values for the theory call timer, this leaves some possibility
for improving performance by optimizing the theory calls and the LRAModule in
general.

Figure 5.19 visualizes the relation between the three di�erent times measured and
the total runtime for Bland's rule, since it is both the most basic heuristic and the
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10.2%

28%

30.26%

pivoting

rest of theory calls

rest of �rst-to-last time

Figure 5.19: Pie diagram depicting the relation between the three di�erent times
measured and the total runtime for Bland's rule. The diagram is based on the average
percentages over the unsolved instances.

one initially used in the LRAModule.
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Chapter 6

Conclusion

6.1 Summary

We explained four heuristics for the pivot selection in general Simplex, taken from var-
ious sources. We gave a proof of termination for Bland's rule that is a more in-depth
version of the proof from [DdM06]. We implemented the four heuristics as well as a
small framework that enables modular switching of the used heuristic during runtime
and simpli�es changes to existing heuristics and the addition of new ones. We dis-
covered that the �rst three heuristics showed a surprisingly similar performance when
benchmarked, which is inconsistent with the results described in [Gri09, KBD13]. We
then performed extensive testing to �nd the cause for this. The tests showed that the
preprocessing performed by the FPPModule rendered the theory solver completely
irrelevant for roughly 30% of the instances and that even on the remaining 70%, mini-
mizing the pivoting time can only lead to very small performance gains. On the other
hand, the tests indicated some potential for optimizing the theory solver in general.

6.2 Discussion

We believe that the divergence between the performance of the di�erence-based heuris-
tic and sum of infeasibilities observed in [Gri09, KBD13] and their performance
observed in this thesis is at least partly due to the di�erent environments in which
they were tested. While we implemented the two heuristics in the LRAModule of
SMT-RAT, [Gri09] presents an implementation of the di�erence-based heuristic for
the SMT solver MATHSAT and [KBD13] presents an implementation of sum of in-
feasibilities for the SMT solver CVC4. Additionally, the solvers were most likely run
with di�erent con�gurations. Therefore, the divergent results could be caused by dif-
ferences in the preprocessing, the active extensions of the SAT solver and the theory
solver, the underlying data structures, etc.

There are also some things to note about the two heuristics themselves. Firstly,
while the di�erence-based heuristic is very simple and straightforward, sum of infea-
sibilities is far more complex and therefore our implementation is likely to di�er from
the implementation in [KBD13]. Secondly, we believe that the high average number
of pivots observed in Section 5.4 is the result of sum of infeasibilitiy being particularly
prone to cycling and that this is also one of the main causes for the signi�cantly worse
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performance of the heuristic in our tests.
Regarding the similarities between Bland's rule, the di�erence-based heuristic and

the con�ict-based heuristic, we believe the FPPModule to be one of the major causes
for those. Our hypothesis is that, apart from rendering the theory solver irrelevant
for 30% of the instances, it also tends to bring the input formula in a form that leaves
little room for divergence in terms of heuristics.

6.3 Future work

We do not believe that introducing new heuristics to SMT-RAT holds much promise
unless the setup di�ers from the one used in this thesis. Future work on Simplex
therefore requires �nding a setup for SMT-RAT where the chosen Simplex heuristic
has a signi�cantly higher e�ect on the overall performance of the solver. If our hy-
pothesis about the FPPModule turns out to be correct, deactivating it could solve the
problem. However, depending on how much performance is lost when preprocessing
is deactivated, this might not be desirable. Alternatively, one could either modify the
FPPModule or introduce an entirely di�erent preprocessing module which increases
performance while still leaving some optimization potential in terms of Simplex heuris-
tics.

For the sake of completeness we also want to mention that there is still one im-
portant parameter in�uenced by the Simplex heuristic that isn't thoroughly tested
yet. In our tests, we focused on the e�ect of the chosen heuristic on the average num-
ber of pivots and the pivoting time in general. However, there is a third important
parameter in this regard, the con�ict returned in case the passed formula is unsatis-
�able. We didn't test this parameter thoroughly because since the returned con�ict
in�uences the behaviour of the SAT solver (including subsequent theory calls), the
e�ects of changes to this parameter are very hard to measure. Additionally, since the
modi�ed con�ict check implemented in this thesis had little e�ect on the performance
(contrary to the observations in [KBD13]), we don't think this approach holds much
promise either.

Finally, future work could also focus on optimizing the theory solver in general
instead of the Simplex heuristic.
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